Attachment I1: Proof of the Equivalence of Extensive Structures

Proof of the Equivalence of Extensive Structure

We now give the proof that the both extensive structures as introduced in Chapter 4, are
equivaent. Firstly, we introduce some statements related to the weak order.

Weak Order
Lemmal

Let (A, e>) beaweak order. Then it holdsfor al a, b, ¢ € A:

)] a-e>h be>c=>ae>c
i) ae>h,be>c=>ae>cC.
.

Proof:

i) Assume the statement is wrong. Then there exist a, b, ¢ such that a e> b, b e> ¢ and not (a
> C). Because of completeness not (a > c) implies c > a. Because of transitivity b > ¢ and
ce>aimply b e> a Thisisacontradiction to ae> b.

i) Similar to ).

Lemma 2

Let be (A, o>, 0) an extensive structure. Then it holdsfor al ab,c € A:

)] arb<=>aoc~boc
i) ae>b<=>aoce>boc
.

Proof:

Let beax~b. Then ae> b and b > a. Then because of monotonicity
aoce>bocandboce>aoc.

Henceaoc~boc.



Now assumeaoc~boc. Thenaoce>bocandboce>ao c, Because of monotonicity a
o>pandbe>a Thenax~b.

i) The statement is equivalent to not (a e>b) <=> not(a 0 c > b 0 c). Because of
completeness thisis equivalent to b e> a<=> b 0 c e> a0 c. This statement is true because of
monotonicity.

.

A similar modification of the extensive structure was introduced by Bollmann /BOLL84/ for
entropy structures. There it was shown that the axioms for the entropy structure are equivalent
to the axioms of the modified extensive structure. Because the extensive structure is a special
case of an entropy structure that proof can also be used to show the equivalence of the
extensive structure and the modified extensive structure. We will give a dightly different
proof here.

Theorem 1

Let P be a non-empty set, > a binary relation on P and o a closed binary operation. Then (P,
¢> 0) is an extensive structure iff it isamodified extensive structure.

Proof (Extensive Structureto Modified Extensive Structure):
Assume (P, >, 0) is an extensive structure.

Weak order: trivial
Weak Associativity: trivial

Weak Commutativity: 3 an additive function f with
f(aob) =f(a) + f(b) and ae> b <=>f(a) > f(b).
Thenforadla beP

f(aob) f(a) +f (b),

f (b) +f (a),
f(boa),
and henceaobxboa

Weak monotonicity: Isweaker than monotonicity of the extensive structure.
Archimedean Axiom: Let beae> b and ¢, d arbitrary. Then there exist k such that
(k@) ocex>(kb)od.

Then we obtain

(k+1)a)oce>ao(kbod),

because of monotonicity.



Because a*>b and lemma 2.ii we obtain a(kb) o d >b(kb) o d

and hence (( k+1)a) oc > ((k+1)b) od

g.ed

Proof (Modified Extensive Structure to Extensive Structure):
Assume (P, >, 0) isamodified extensive structure.

Weak order: trivial

Weak associativity: trivial

Monotonicity: Firstly, we haveto show for al ab,c,d € A

ae>b<=>aoce>boc,
ae>b=>aoce>boc.

hold because of weak monotonicity. We have still to show
aoce>boc=>aexh.
Assume the statement is false Then there exist a,b,c € A with
aoce>boc
and

be>a

Thisimplies
(na)ocex>(nb)oc,

for al n> 1. We prove this by induction.

For n = 1 it holds because of the assumption: a o ¢ e> b 0 c. We assume the statement is
correct for n. It holds:

(n+1l) aoc=~a(na) oce>a(nb) oc~ (nb)(aoc)e>(nb)(boc)~(ntl)boc,

for dl n.
*

Because of the Archimedean axiom of the modified extensive structure there exists k > 1 such
that

(kb)oce>(kaoc.
Thisis acontradiction. Hence we obtain

ae>b<=>aoce>boc.

Because of weak commutativity we also have



aoce>boc<=>coae>cobh.

Archimedean Axiom: The Archimedean axiom of the extensive structure is weaker than the
Archimedean axiom of the modified extensive structure.



